In this paper, the stability of continue-time switched positive delay systems (SPDSs) with all unstable subsystems is investigated. Based on the time-scheduled multiple co-positive Lyapunov-Krasovskii functional (MCLKF) method combined with fast average dwell time (ADT) techniques, a sufficient condition is obtained to ensure the underlying system is exponentially stable. Compared with the results in existing literature, our work has two advantages. On the one hand, the proposed method is independent of the maximum of corresponding elements of each subsystem matrix, which overcomes the limitation of the existing method. On the other hand, our result is less conservative than that of the previous literature. In addition, the stability condition of the system in this paper is given by matrix inequality, which can be solved by nonlinear programming. Finally, two simulation examples are provided to illustrate the correctness and effectiveness of the main result.
I. INTRODUCTION
Positive systems are such dynamic systems whose state variables always remain in the non-negative orthant for any nonnegative initial condition. Due to their wide application in various fields such as communication networks [1] , mitigating viral escape [2] , traffic system [3] , positive systems have attracted extensive attention in the past decades. As the fundamental problem of control systems, stability analysis is one of the most concerned topics for researchers. A great number of excellent results on stability analysis of positive systems have been published [4] - [6] .
Time delays are often encountered in many practical systems, which could make the system unstable and even destroy the system performance. In the past decades, many efforts had been paid to time-delay systems [7] - [9] . Some research results related to positive delay systems have also been reported. For instance, new stability results were developed and a flexible approach was proposed to analyze linear positive systems with delays in [10] . The exponential stability for positive singular systems with distributed delays was The associate editor coordinating the review of this manuscript and approving it for publication was Guangdeng Zong . investigated in [11] . A sufficient condition was presented for the stability of positive singular systems with distributed delays. And the necessity of the stability condition was also proven under the case of the availability of strictly positive initial conditions. In [12] , the L ∞ control problem of positive semi-Markov jump systems (S-MJSs) with time-varying delay was considered and sufficient and necessary conditions were established for positivity and L ∞ boundedness criteria in terms of probability distribution firstly.
However, the aforementioned results are only applicable for non-switched positive time-delay systems. In fact, switching phenomena are often encountered in practical systems, such as the opening/closing of power, the growing/dividing of biological cells, the switching of a server in a queueing network [13] . Such systems are often be modeled as switched systems, which is composed of a set of subsystems and a switching signal that orchestrates the switching behavior between subsystems. With the wide application of switched systems in various fields, such as mobile robots [14] , networked control [15] , DC converters [16] , much effort has been devoted to switched systems [17] - [21] . Moreover, a few research results with regard to switched positive delay systems have been reported one after another.
For instance, by a co-positive type Lyapunov-Krasovskii functional approach, the exponential stability problem of switched positive time-delay systems was addressed in [22] . In [23] , based on a co-positive Lyapunov-Krasovskii functional approach, the stability and L 1 -gain performance problem of switched positive delay systems were investigated and a state feedback controller was constructed to ensure the positivity, stability, and L 1 -gain performance of positive switched delay system. In [24] , the exponential stability of discrete-time positive switched delay systems was discussed in the context of stable and unstable subsystems by multiple co-positive Lyapunov-Krasovskii function.
It is worth mentioning that subsystems in the aforementioned literature are all stable or partially stable. The traditional multiple co-positive Lyapunov function method combined with ADT techniques is often used to deal with such problems. It requires at least one stable subsystem to run long enough to compensate for the increase in system energy caused by the switching behavior of subsystems or the activation of unstable subsystems. However, the above methods are no longer effective for the stability of switched positive systems with all unstable subsystems. To solve this problem, a discretized co-positive Lyapunov function was presented and the sufficient condition for the stability of switched positive systems under dwell-time was obtained in [25] . Different from general dwell time, the activation time of each unstable subsystem was constrained by the upper and lower bounds, which means the dwell time of each subsystem is neither too long nor too short in [25] . Based on the results in [25] , a multiple discretized co-positive Lyapunov-Krasovskii functional was presented in [26] to guarantee the asymptotic stability of positive switched delay systems with all unstable subsystems under dwell-time switching.
Inspired by the above discussion, a novel time-scheduled MCLKF method combined with fast ADT techniques is proposed for the stability of SPDSs with all unstable subsystems in this paper. Compared with the existing literature, the main contributions in this paper lie in: 1) Different from [25] and [26] , this paper mainly focuses on the exponential stability instead of the asymptotic stability for SPDSs with all unstable subsystems. 2) A time-scheduled multiple co-positive Lyapunov-Krasovskii functional method combined with fast ADT techniques is proposed to ensure the exponential stability of SPDSs with all unstable subsystems. 3) Compared with Lemma 2, the stability condition in this paper is independent of the maximum of the corresponding elements of each subsystem matrix and the proposed method in this paper is less conservative than that in Lemma 2. 4) Different from [26] , the fast ADT technique instead of dwell time is used to investigate the stability of SPDSs with all unstable subsystems, which make the result of this paper less conservative. The remainder of this paper is organized as follows. In Section 2, preliminaries and the problem formulation are introduced. In Section 3, the exponential stability conditions of continuous-time SPDSs with all unstable subsystems are developed under the fast ADT switching signal. Two simulation examples are provided in Section 4 to demonstrate the effectiveness of the proposed method. Furthermore, the conservativeness of our method is illustrated by comparing it with the existing method. Finally, conclusions and future research work are given in Section 5.
Notations: R and R n×n denote the field of real numbers and the space of n × n matrices on the real number field, respectively. R n stands for n-dimensional real vector space. R n + represents n-dimensional real positive vector space. N and N + are the set of natural numbers and the set of positive integers, respectively. A 0( 0) denote a matrix with all positive (nonnegative) entries. A T is the transpose of matrix A. · refers to the Euclidean norm.
II. PROBLEM FORMULATION AND PRELIMINARIES
Consider the continuous-time SPDS as follows:
where x(t) ∈ R n is the state vector. A σ (t) and A d σ (t) are known real constant matrices with appropriate dimensions. (1) is non-negative for all t ≥ 0, then system (1) is called positive. Definition 2 ( [27] ): If the off-diagonal entries of a matrix A ∈ R n×n are non-negative, then the matrix A ∈ R n×n is called a Metzler matrix. Lemma 1 ( [28] ): System (1) is positive if and only if A p are Metzler matrices and A dp 0 hold for any p ∈ N .
Definition 5 ( [29] ): For a switching signal σ (t) and any T > t ≥ 0, let N σ (T , t) be the total number of the switching of subsystems on time interval [t, T ), if there exist constants τ a > 0, N 0 ≥ 0 such that
then we call τ a a fast ADT and N 0 a chattering bound. VOLUME 7, 2019 Remark 1: Unlike the traditional ADT switching [22] 
which means that the average time that all unstable subsystems dwell among the time intervals [t, T ) is less than τ a .
In addition, the traditional ADT requires that the stable subsystems of the switched system remain sufficiently long average dwell time to guarantee the stability of the switched system. However, the fast ADT requires that the activation average time of each unstable subsystem is neither too long nor too small to guarantee the stability of the switched positive delay system.
ln µ + λτ max < 0,
where τ d = t k+1 − t k , k ∈ N.
III. STABILITY ANALYSIS
In this section, we aim to analyze the exponential stability of SPDSs. A sufficient condition for the stability of systems is provided in Theorem 1.
hold for all (p, q) ∈ N × N , p = q, then system (1) is GUES with the fast ADT satisfying
Proof: Consider the following time-scheduled MCLKF candidate for system (1) (18) with v σ (t) (t) 0. Without loss of generality, we assume that the switching sequence of switching signal σ (t) is 
where
And then calculating the derivative of the vector function
The positivity of system (1) implies x T (t + θ ) > 0. Due to e −λθ > 0 and v p (t + θ ) > 0, one has
From (19) and (20), we can obtaiṅ
From (10)- (14) , one can geṫ
Case 2: when t ∈ [t k + τ * , t k+1 ), together with t t−d 1 e −λ(s−t) x T (s)v p (s)ds > 0, we have from (18) and (19) 
From (14) and (16), one can geṫ
Combining (23) and (24) giveṡ
For all (p, q) ∈ N × N , p = q, we suppose that system (1) switches from the qth subsystem to the pth subsystem at the switching instant t k , then we have
From (15), we obtain
It is known from 0 < µ < 1 that ln µ < 0. Therefore, for any t ∈ [t k , t k+1 ), it follows from (25) and (26) that
and
Combining (27) with (28) implies
Case 2: when t ∈ [t k + τ * , t k+1 ). Similar to Case 1, we can also derive (29) from (19) . Finally, according to Definition 3, system (1) is GUES under the fast ADT satisfying (17) . The proof is completed.
Remark 2: Different from the traditional MLCLKF, the vector function v p (t) in the proposed time-scheduled MLCLKF in Theorem 1 is time-varying rather than a constant. In addition, it can be seen from Theorem 1 that the maximum of the switching signal depends on the parameters M besides τ * ,λ and µ. And the switching sequences are enlarged as M increases, which will be illustrated by a simulation example.
Remark 3: From (2), we can get
therefore, (17) is reasonable. From (17) , one has
Remark 4: Different from the existing related work [25] , [26] , we derived the exponential rather than asymptotic stability condition for SPDSs with all unstable subsystems. Unlike [17] , [20] , [30] , positive constraints on system state variables are considered in this paper. In addition, the switching mechanism was not taken into account in [4] , [10] , [12] while the model in this paper included the switching behavior of subsystems. In [23] , [24] , the switching mechanism was considered but the subsystems of switched systems are all stable or partially stable, while the subsystems in this paper are all unstable.
Remark 5: It is worth pointing out that the traditional ADT switching is powerless for the stability of SPDSs with all unstable subsystems. Comparing with the traditional ADT, the fast ADT method is an effective tool for dealing with unstable subsystems [29] . It constrains the activation time of each unstable subsystem to a section to guarantee the stability of switched positive delay systems.
Owing to λ > 0, (25) means that the energy function is increasing. Due to 0 < µ < 1, (26) implies that switching behavior leads to the decrement of the energy function. Therefore, the advantage of fast ADT switching in this paper is that it can compensate for the state divergence by remaining the appropriate average time at unstable subsystems, and the ADT of all unstable subsystems is neither too long nor too short.
In order to obtain feasible solutions v p,m and the fast ADT guaranteeing the GUES of system (1), an off-line algorithm is provided as follows: Algorithm 1.
Step 1. Input system matrices A T p , A T dp and given constants λ > 0, τ * > 0, M ∈ N + , d 1 > 0, d 2 ≤ 1;
Step 2. Solve the optimization problem: max − ln µ λ , s.t. (10)- (16) , (30) by 'FMINCON' function in Matlab. Then we can obtain the optimal feasible solution v p,m and the value of parameter µ.
Step 3. Determine the fast ADT by (17) .
IV. SIMULATION STUDY
In this section, two simulation examples will be given to illustrate the effectiveness of the proposed method. Example 1: Consider the following continuous-time switched positive delay system with two unstable subsystems.
obviously, one has d 1 = 0.2, d 2 = 0.1. By Definition 2, we can derive that A 1 and A 2 are Metzler matrices. Since all entries of A d1 and A d2 are positive, one can get A d1 > 0 and A d2 > 0. According to Lemma 1, the system in Example 1 is positive.
The initial state function φ(θ) is set to [1, 3] T . The state trajectories of two subsystems are shown in Fig.1 and 2 . We observed from Fig.1 and 2 , that the two subsystems are both unstable.
Let λ = 2, τ * = 0.5, M = 1, according to Algorithm 1, we can obtain a corresponding feasible solution with µ = 0.3541 and the fast ADT satisfying 0.5 ≤ τ a < 0.51915. By which, a possible switching sequence is generated and the state responses of the system in Example 1 are shown in Fig.3 . From which, it is known that the system in Example 1 is GUES, thus the effectiveness of our results is verified.
Next, the stability of the system in Example 1 is checked by Lemma 2 and given M = 1, the comparison results between Lemma 2 and Theorem 1 are shown in Table 1 .
As can be seen from Table 1 , the dwell time τ d satisfies almost the same conditions as the fast ADT τ a for the same parameters λ and τ * . However, it is worth noting that the average dwell time includes the dwell time. Therefore, the result of Lemma 2 is a special case of our results, which shows our results are less conservative than that of Lemma 2. In addition, the upper bounds of the fast ADT are obtained with the change of the value of M , which is shown in Fig.4 . From Fig.4 , we can see that the value of M is sensitive to the upper bounds of the fast ADT for switched delay systems with all unstable systems, which is different from that of delay-free systems with all stable subsystems in [31] .
Example 2: Consider a water-quality model borrowed from [32] , [33] , which can be modeled as a switched positive delay system. The system state vector represents waterquality constituents (like algae, ammonia nitrogen, etc.). The time-varying delay reflects the mixing effect of biochemical constituents achieved at time t. Our goal is to restore water quality components to standard levels by designing switching signals based on Theorem 1. The system parameters are provided as follows:
and d 1 = 0.2, d 2 = 0.1. The state trajectories of two subsystems under the initial condition [3, 5] T are shown in Fig.5 and 6 . It can be seen from Fig.5 and 6 that the two subsystems are all unstable.
Choose λ = 2, τ * = 0.5, M = 1, according to Algorithm 1, we can obtain a corresponding feasible solution and µ = 0.3470, 0.5 ≤ τ a < 0.52918. The initial state condition is set to [3, 3] T , and the state responses of the system under the fast ADT switching signal satisfying 0.5 ≤ τ a < 0.52918 are shown in Fig.7 . From Fig.7 , it can be seen that although the two subsystems are all unstable, the switched positive time-delay system representing the water quality model is exponentially stable under the designed switching signal, which shows the effectiveness of our method.
V. CONCLUSION AND FUTURE WORK
The stability of continue-time SPDSs with all unstable subsystems is investigated in this paper. By constructing a time-scheduled multiple co-positive Lyapunov-Krasovskii functional, a sufficient condition for the exponential stability of the underlying system is provided under the fast ADT switching signal. In addition, the stability condition is given in the form of matrix inequality, which is solved by nonlinear programming. Furthermore, the proposed method is independent of the maximum of corresponding elements of all subsystem matrice, which overcomes the limitations of existing methods. And compared with the existing result, our result is less conservative.
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